
Conduction in a Semi- Infinite Solid

Heat and Mass transfer
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Consider a semi-infinite solid. It is
initially at Temperature T0.

Suddenly at t = 0, the face x = 0 is
raised to a temperature T∞

We require to find the penetration
depth of the high temperature.

The governing equation:
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𝜕𝑡
= 𝛼
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𝜕𝑥2

The initial condition:
T(x, t) = T0 for t = 0

Boundary condition:
T(0, t) = T∞ , for t > 0
T(∞, t) = T0 , for t > 0

The governing equation:

Conduction in a Semi- Infinite Solid



Technique:

Similarity transformation of variables

Put θ = T - T∞

θ = f(x, t, α)
or, θ = f(η)
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at x -> ∞ θ = θ0

or, at η -> ∞ θ = T0 - T∞

Applying the boundary condition, we get
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We define a parameter

ҧ𝜃 = 1 −
𝑇 − 𝑇∞
𝑇0 − 𝑇∞

=
𝑇0 − 𝑇
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At η = 0ҧ𝜃 = 1

Again,

ҧ𝜃 = 0.01 At η = 1.8

Thus, at η = 1.8, the body
temperature is at initial temperature



Remarks:

1) At

We can say that the temperature perturbation at the surface has penetrated
to and this depth is called the penetration depth.

2) Penetration depth increases as the square root of time “t”.

3) Solid with high α means: α = k/(ρCp) = high conductivity/ low heat capacity

More heat is conducted inwards -> Increased penetration depth. Reverse is true
for low thermal diffusivity.

𝑥 = 1.8 4𝛼𝑡 ҧ𝜃 ≈ 0 𝑇 = 𝑇0

𝑥 = 1.8 4𝛼𝑡
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Definition of homogeneous and nonhomogeneous problems:

The problem will be referred to as a homogeneous problem when both the differential
equation and the boundary conditions are homogeneous.

𝑞 = −𝑘𝐴 ቤ
𝜕𝑇

𝜕𝑥
𝑥=0

𝑞 = −𝑘𝐴
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Now, heat transfer at the surface



In region R, for t = 0
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The definition of Homogeneous and Nonhomogeneous problems:

The problem is homogeneous, if the differential equation and the boundary conditions are
Homogeneous.

𝑘
𝜕𝑇

𝜕𝑟𝑖
+ ℎ𝑇 = 0

T = F (r)

On boundary S, for t > 0

In region R, for t > 0

Homogeneous



Nonhomogeneous

∇2𝑇 +
𝑔(𝑟, 𝑡)
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In region R, for t = 0
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+ ℎ 𝑇 = f(r, t)

T = F (r)

On boundary S, for t > 0

Here the differential equation and boundary conditions are non-homogeneous. Function
g (r, t) and f (r, t) do not include T as product.



The error function with argument (x) is defined as
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where t is a dummy variable. The error function is an odd function, so that

erf(−x) = −erf(x)

In addition,   erf   (0) = 0    and   erf  (∞) = 1

The complementary error function with argument (x) is defined as
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Thank you 


